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ABSTRACT 
ANALYSIS OF MULTIPLE-INPUT STOCHASTIC HYDROLOGIC SYSTEMS 
This r e p o r t  de sc r i be s  t h e  development of a mul t ip le - inpu t  s t o c h a s t i c  
hyd ro log i c  system model f o r  t h e  a n a l y s i s  of hyd ro log i c  behav ior  of 
wate rsheds .  Various components of r he  hydro log ic  system a r e  expressed  
by time s e r i e s ,  each con t a in ing  a  t r e n d  component, a p e r i o d i c  component, 
and a  s tochas  t i c  r e s i d u a l  component. For modeling t h e  mul t ip le - inpu t  
s y s  t e m ,  a Markov-type mathemat ical  fo rmula t ion  i s  proposed. For  
i l l u s t r a t i v e  purposes ,  t h e  model s o  fo rmula ted  is  app l i ed  t o  t h e  a n a l y s i s  
of monthly p r e c i p i t a t i o n s  and s t reamflows of t h e  upper Sangamon River  
b a s i n  i n  I l l i n o i s .  The r e s u l t s  of t h i s  s t udy  i n d i c a t e  t h a t  t h e  proposed 
model is  f e a s i b l e  f o r  t h e  b a s i n  and thus  can b e  u.sed f o r  f i l l i n g  miss ing  
s treamf low d a t a  o r  gene ra t i ng  s t o c h a s t i c  s treamflow sequences .  
Chow, Ven Te 
ANALYSIS OF MULTIPLE-INPUT STOCHASTIC HYDROLOGIC SYSTEMS 
Research Report No. 67 Water Resources Center ,  Univers i ty  of I l l i n o i s  
a t  Urbana-Champaign, June 1973, 
KEYWORDS--systems a n a l y s i s / s t o c h a s t i c  p r o c e s s e s / s y n t h e t i c  hydrology/ 
wa t e r  resources  s y s  tems /watershed s tud i e s /hyd ro log i c  models /hydrology 
CONTENTS 
P re f ace  . . . . . . . . . . . . . . . . . . . . . . . . . . . i 
I. I n t r o d u c t i o n . . . . . . . . . . . . . . . . . . . .  . . . . .  1 
11. F o n u l a t i o n o f t h e M o d e l .  . . . . . . . . . . . . . . . . . . 2 
111. Analysis  of t h e  Data . . . . . . . . . . . . . . . . . . . . . 4 
A. The Watershed and Hydrologic Data Under Study . . . . . . 4 
B. P re l iminary  Screening of t h e  Data . . . . . . . . . . . . 4 
C.  Ana lys i s  Using Cross-Spectra Theory . . . . . . . . . . . 8 
D. Analysis  Using P r i n c i p a l  Components Theory . . . . . . . . 1 3  
I V .  Conclusions and Comments . . . . . . . . . . . . . . . . . . . 20 
V. Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . 22 
V I .  References . . . . . . . . . . . . . . . . . . . . . . . . . . 23 
V I I .  F igures  . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 
Appendix. Computer Programs . . . . . . . . . . . . . . . . . . . . 40 
PREFACE 
This  f i n a l  r e p o r t  r e l a t e s  t o  t h e  OWRR P r o j e c t  B-038-ILL e n t i t l e d  
" S t o c h a s t i c  Analysis  of Hydrologic  Systems - Phase 11," which is  a  cont inu-  
a t i o n  of "S tochas t i c  Analysis  of Hydrologic  Systems - Phase I" and covers  
a s t udy  p e r i o d  of  J u l y  1969 t o  June 1973. The f i n a l  r e p o r t  f o r  t h e  Phase I 
s tudy  w a s  pub l i shed  a s  WRC Research Report  No. 26 i n  December, 1969, and 
e n t i t l e d  " ~ t o c h a s t i c  Analysis  of Hydrologic  Systems" by Ven Te Chow, t h e  
P r i n c i p a l  I n v e s t i g a t o r  (Pub l i c a t i on  Board No. 189 791, Clear inghouse f o r  
Fede ra l ,  S c i e n t i f i c  and Technica l  In format ion ,  now named Na t i ona l  Technica l  
In format ion  Se rv i ce ,  U. S. Department of Commerce, S p r i n g f i e l d ,  V i r g i n i a ,  
22151). 
The main o b j e c t i v e  of t h e  Phase-I1 r e sea r ch  i s  t o  develop g e n e r a l  
mathemat ical  models f o r  t he  s imu la t i on  of s t o c h a s t i c  hyd ro log i c  p rocesses .  
The a v a i l a b i l i t y  of such models i s  of paramount importance and v a l u a b l e  use  
i n  wa t e r  r e sou rce s  s y s  t e m s  p lann ing  and development. For t h i s  r e s e a r c h ,  
t he  fo l lowing  major  achievements have been made: 
(1) Completion of  t h e  fo l lowing  f o u r  major s t u d i e s  : 
( a )  P r e s e n t a t i o n  of  a  lumped s t o c h a s t i c  hyd ro log i c  system 
model [ r epo r t ed  i n  paper  ( a )  i n  i t em  (2)  below].  
(b) Development of a  system model f o r  r e s i d u a l  s t o c h a s t i c  
hyd ro log i c  p rocesses  [ r epo r t ed  i n  paper  (h )  i n  i t e m  
(2 )  below].  
(c )  Development of t h e  theory ,  t e s t ,  and modeling of  
s t a t i o n a r i t y  embedded s t o c h a s t i c  hyd ro log i c  p roce s se s  
[ r epo r t ed  i n  paper  ( j )  i n  i t e m  (2)  below and i n  t h e  
Ph.D. t h e s i s  by T o r e l l i  i n  i t em  (3)  below. 
(d)  Development of a multip 'e-input,  o r  s p a t i a l l y  d i s t r i b -  
u ted  s t o c h a s t i c  h y d r o l o g i c  sys tem model [ r e p o r t e d  i n  
t h i s  f i n a l  r e p o r t ] .  
(2)  P u b l i c a t i o n s  of t h e  f o l l o w i n g  papers  and a r t i c l e s :  
( a )  Chow, V. T . ,  and K a r e l i o t i s ,  S. J . ,  Ana lys i s  o f  
S t o c h a s t i c  Hydrologic  Systems, Water Resources  
Research ,  Vol. 6 ,  No. 6 ,  pages 1569-1582, December 
19 70. 
(b )  Chow, V. T . ,  " S t o c h a s t i c  Hydrologic  Systems1' i n  Systems 
Approach t o  Hydrology , I 1  P roceed ings ,  U. S. - Japan 
Bi -La te ra l  Seminar i n  Hydrology, Honolulu,  Hawaii ,  
J a n u a r y ,  19 71, Water Resources P u b l i c a t i o n s  , F o r t  
C o l l i n s ,  Colorado, pp. 1.1-1.19 ; d i s c u s s i o n ,  pp. 1.22- 
1 . 2 3 ,  January 1971. 
( c )  Chow, V. T. ,  " S t o c h a s t i c  Approach i n  Hydrau l ics  , I 1  
HydrauZic Engineer ing ,  Chinese I n s t i t u t e  of Hydrau l ic  
Engineers ,  Vol. 13, pp. 199-201, November 1971. 
(d) Chow, V. T . ,  " S t o c h a s t i c  Ana lys i s  o f  Hydrologic  Systems," 
Proceed ings ,  Four teen th  Congress of t h e  I n t e r n a t i o n a l  
A s s o c i a t i o n  f o r  Hydrau l ic  Research,  P a r i s ,  France,  
29 August t o  3  September, 1971, Vol. 5 ,  pp. 265-271, 
November 19 71. 
( e )  Chow, V. T. , " S t o c h a s t i c  Hydraulics-A Chal lenging F i e l d  
of Study , I 1  i n  " s t o c h a s t i c  Hydrau l ics , "  P r o c e e d i n g s ,  
I n t e r n a t i o n a l  Symposium on S t o c h a s t i c  H y d r a u l i c s ,  
P i t t s b u r g h ,  Pennsy lvan ia ,  May 31-June 2 ,  19 71, Univer- 
s i t y  of P i t t s b u r g h ,  pp. 3-8, November 1971. 
iii 
( f )  Chow, V. T., " ~ y d r o l o g i c  Modeling - The Seventh >John R. 
Freeman Memorial ~ e c t u r e  , I '  P roceedings,  Boston Society 
of C i v i l  Engineers,  Vol. 60, No. 5 ,  pp. 1-27, January 
19 72. 
(g) Chow, V. T., and Prasad,  T., "Theory of S tochas t i c  
Modeling of Watershed Systems ," Jou rna l  of Hydrology, 
Vol. 15 ,  No. 4 ,  pp. 261-284, A p r i l  1972. 
(h) K a r e l i o t i s ,  S. J . ,  and Chow, V. T., "Analysis of 
Residual  Hydrologic S tochas t i c  Processes  ," Jou rna l  of 
Hydrology , Vol. 15 ,  No. 2,  pp. 113-130, February 1972. 
( i )  K a r e l i o t i s ,  S. J . ,  and Chow, V. T.,I1Reply t o  Comments 
on Analysis of S tochas t i c  Hydrologic Systems ," Water 
Resources Research, Vol. 8,  No. 1, pp. 163-165, 
February 1972. 
(j) T o r e l l i ,  L., and Chow, V. T. ,  "Tests  of S t a t i o n a r i t y  
of Hydrologic Time Se r i e s  ," Proceedings,  I n t e r n a t i o n a l  
Symposium on Unce r t a in t i e s  i n  Hydrologic and Water 
Resources Systems, Vol. 1, Univers i ty  of Arizona, 
Tucson, Arizona, pp. 254-72, December 1972. 
(3 )  Completion of t h e  fol lowing theses  : 
(a )  K a r e l i o t i s ,  S. J . ,  "Modeling of a  S t o c h a s t i c  Watershed 
System," Ph .D. t h e s i s ,  Univers i ty  of I l l i n o i s  a t  Urbana- 
Champaign, Urbana, I l l i n o i s ,  pages x i i  + 128, 1970. 
(b) T o r e l l i ,  L., "The Analysis of Monthly Hydrologic Time 
S e r i e s  ," Ph. D. t h e s i s ,  Univers i ty  of I l l i n o i s  a t  
Urbana-Champaign, Urbana, I l l i n o i s ,  pages v i i i  + 106, 
1973. 
(4)  P r e s e n t a t i o n  of seven papers  a t  va r i ous  t e c h n i c a l  conferences  : 
(a) "Analysis of S t o c h a s t i c  Hydrologic systems ," by V. T .  Chow 
and S. J .  K a r e l i o t i s  a t  t he  1970 Annual Meeting of t h e  
American Geophysical  Union i n  Washington, D.C. 
(b) "Nature of Hydrologic Systems," by V. T.  Chow a t  t h e  
Second I n t e r n a t i o n a l  Seminar f o r  Hydrology P r o f e s s o r s  
i n  Logan, Utah, on August 2-4, 1970. 
(c) "S tochas t i c  Hydrologic Systems ," by V.  T .  Chow a t  t h e  
U.S. - Japan Bi -La te ra l  Seminar i n  Hydrology, Honolulu, 
H a w a i i ,  January 11-15, 1 9  71. 
(d) " ~ t o c h a s t i c  Analysis  o f  Hydrologic ~ y s t e m s , "  by V.  T .  Chow 
a t  Fourteenth Congress of t h e  I n t e r n a t i o n a l  Assoc i a t i on  
f o r  Hydraul ic  Research,  P a r i s ,  France,  29 August t o  
3 September, 1971. 
(e )  "S tochas t i c  Hydraul ics  - A Chal lenging F i e l d  of Study," 
by V. T. Chow a t  t h e  I n t e r n a t i o n a l  Symposium on S t o c h a s t i c  
Hydrau l ics ,  P i t t s b u r g h ,  Pennsy lvan ia ,  on May 31 t o  June  2,  
1971. 
( f )  "Hydrologic Modeling," by V. T .  Chow f o r  t h e  Seventh 
John R. Freeman Memorial Lec ture  a t  t h e  Annual Meeting 
of t h e  Boston Soc ie ty  of C i v i l  Engineers ,  Boston, 
Massachuset ts  , on 1 7  February,  19 72. 
(g) "Tests of S t a t i o n a r i t y  of Hydrologic  Time S e r i e s  , I 1  by 
L. T o r e l l i  and V. T. Chow at  I n t e r n a t i o n a l  Symposium on 
U n c e r t a i n t i e s  i n  Hydrologic and Water Resources Sys terns, 
Tucson, Arizona,  December 11-14, 1972. 
Many persons  p a r t i c i p a t e d  i n  t h i s  p r o j e c t  and c o n t r i b u t e d  t o  t h e  
r e s e a r c h .  I n  a d d i t i o n  t o  t h e  P r i n c i p a l  I n v e s t i g a t o r ,  Ven Te Chow, t h e  
f o l l o w i n g  r e s e a r c h  s t a f f  members were invo lved :  
Gonzalo Cortes-Rivera ,  M.S., Ph.D., Research A s s i s t a n t  i n  
C i v i l  Engineer ing 
Dong Hee K i m ,  M.S., Research A s s i s t a n t  i n  C i v i l  Engineer ing.  
S o t i r i o s  J.  K a r e l i o t i s ,  M.S., Research A s s i s t a n t  i n  C i v i l  
Eng ineer ing ,  t h e n  Ph.D., V i s i t i n g  A s s i s t a n t  P r o f e s s o r  of 
C i v i l  Engineer ing.  
Nobutada Takase,  Ph.D., V i s i t i n g  Scho la r  i n  C i v i l  Engineer ing.  
L a t i n o  T o r e l l i ,  M.S., Research A s s i s t a n t  i n  C i v i l  Engineer ing.  
Taylan A. U l a ,  B. S. , Research A s s i s t a n t  i n  C i v i l  Engineer ing.  
James S. Windsor, Ph.D., Research A s s o c i a t e  i n  Civil Engineer ing.  
Most o f  t h e  r e s u l t s  ob ta ined  from t h i s  Phase-I1 p r o j e c t  have been 
p u b l i s h e d  e l sewhere  as l i s t e d  i n  i t e m  (2)  above, b u t  t h e  material p r e s e n t e d  
i n  t h i s  r e p o r t  h a s  n o t  been p u b l i s h e d  b e f o r e .  
I. INTRODUCTION 
Modeling of s t o c h a s t i c  hydro logic  systems i n  t h e  p a s t  has  been 
based on the  a n a l y s i s  of t h e  record  of a  s i n g l e  hydro logic  process  under 
cons ide ra t i on ,  such a s  t h e  modeling by Thomas and F i e r ing  [I9623 f o r  stream- 
flow s imula t ion .  Moreover, p rocesses  l i k e  t h e  streamflow a r e  t h e  r e s u l t  of 
t h e  i n t e r a c t i o n  of many o t h e r  processes  such a s  p r e c i p i t a t i o n ,  i n f i l t r a t i o n ,  
e t c . ,  which vary from watershed t o  watershed and subsequent ly  a f f e c t i n g  t h e  
modeling of t h e  streamflow record  of  t h e  var ious  watersheds.  To inco rpo ra t e  
t he se  i n t e r a c t i n g  processes  i n  t h e  modeling, t h e  watershed can be  modeled 
a s  a  system wi th  t h e  streamflow a s  t h e  output  and t h e  p r e c i p i t a t i o n  a s  t h e  
i npu t .  Chow and Ramaseshan [I9653 have introduced such an approach f o r  t h e  
a n a l y s i s  of f loods  by consider ing a  s ing l e - inpu t ,  s ingle-output  system wi th  
a  time i n v a r i a n t  d e t e r m i n i s t i c  system s t r u c t u r e .  La t e r  i n  t h e  e a r l i e r  s t a g e  
of t h i s  research  program [Chow, 1969; Chow and K a r e l i o t i s ,  19701 a  modeling 
technique f o r  a  s ing l e - inpu t ,  s ingle-output  hydro logic  system was developed, 
t ak ing  i n t o  account t he  s t o c h a s t i c  behavior  of t h e  system's  s t r u c t u r e .  The 
s ing le - input  system i s  a  s i m p l i f i c a t i o n  made on t h e  assumption of a  uniform 
s p a t i a l  d i s t r i b u t i o n  of t h e  p r e c i p i t a t i o n .  The p re sen t  s t u d y ' d e a l s  wi th  a  
mul t ip le - input  s t o c h a s t i c  hydro logic  system and t h e  formulat ion of a  mathe- 
m a t i c a l  model f o r  such systems. For i l l u s t r a t i v e  purposes ,  t h e  model s o  
formulated is  app l i ed  t o  t he  a n a l y s i s  of t h e  upper Sangamon River  b a s i n  i n  
I l l i n o i s .  The mu l t i p l e  i n p u t s  a r e  t h e  hydro logic  d a t a  obtained from the  
va r ious  record ing  p r e c i p i t a t i o n  s t a t i o n s  over t he  watershed. 
11. FORMULATION OF THE MODEL 
Let  t h e  r e co rds  of p r e c i p i t a t i o n  i n p u t s  be  r ep r e sen t ed  by a mul- 
t i p l e  t i m e  series (X ' i = 1 ,2 ,  ..., n ;  j = 1 , 2 ,  ..., T) where i is t h e  i j  ' 
p r e c i p i t a t i o n  s t a t i o n  number, n  is  t h e  t o t a l  number of  s t a t i o n s ,  j i s  t h e  
t ime pe r i ods  of  t h e  recorded p r e c i p i t a t i o n  amount, and T  i s  t h e  t o t a l  
number of t i m e  i n t e r v a l s .  S i m i l a r l y ,  f o r  t h e  s i n g l e  s t reamflow ou tpu t  
t h e  t i m e  s e r i e s  i s  (Y ' j = 1 , 2 , .  . . ,TI .  j ' 
It i s  assumed t h a t  t h e  random v a r i a b l e  U of a t i m e  s e r i e s  
t 
(Ut; t E T) r e p r e s e n t i n g  a s t o c h a s t i c  hyd ro log i c  p rocess  can b e  expressed  
mathemat ical ly  by 
where g  i s  a t r e n d  component, p  is a p e r i o d i c  component, and Uf  is  a 
t t t 
r e s i d u a l  component which remains a f t e r  t h e  t r e n d  and p e r i o d i c  components 
are removed. The process  (U' . t E T )  has  been de f i ned  by K a r e l i o t i s  and 
t '  
Chow [I9721 as " the  r e s i d u a l  hyd ro log i c  s t o c h a s t i c  p rocess"  of t h e  o r i g i n a l  
s t o c h a s t i c  hyd ro log i c  p rocess  (U ' t € TI.  
t '  
Based on t h e  above assumption and n o t a t i o n ,  each t ime s e r i e s  of 
t h e  p r e c i p i t a t i o n  i n p u t s  can be expressed  a s  
and of t h e  s t reamflow a s  
where X i  1 , 2 , . . . , n ;  j = 1 , 2 , . . . , T  and ( y f ; j  = 1 2  , T  a r e  t h e  j 
r e s i d u a l  hyd ro log i c  s t o c h a s t i c  p roce s se s  of t h e  p r e c i p i t a t i o n  i n p u t s  and 
t h e  s t reamf  low o u t p u t ,  r e s p e c t i v e l y .  Befvre  any f u r t h e r  a n a l y s i s ,  t h e  
h y d r o l o g i c  d a t a  shou ld  b e  f i r s t  i n v e s t i g a t e d  f o r  p o s s i b l e  t r e n d s  and p e r i -  
o d i c  components, u s i n g  such t o o l s  a s  power s p e c t r a .  These components w i l l  
b e  t h e n  removed, i f  t h e y  e x i s t ,  and t h e  a n a l y s i s  w i l l  proceed w i t h  t h e  
r e s u l t i n g  r e s i d u a l  h y d r o l o g i c  s t o c h a s t i c  p r o c e s s e s .  
For t h e  a n a l y s i s  of t h e  m u l t i p l e - i n p u t  s t o c h a s t i c  h y d r o l o g i c  
system, a  Markov-type mathemat ica l  model of t h e  f o l l o w i n g  form i s  proposed: 
where a a a , b y  b l 1 b  , b20,  b21,- . . ,b  , - . . . . . ' b  1' 2' m l q 1  2q2 no ybnl ' 
. . . , b  a r e  c o e f f i c i e n t s  t o  be  determined;  m i s  an i n t e g e r  depending on 
nqn 
t h e  c o n t e n t  of s i g n i f i c a n t  a u t o c o r r e l a t i o n  i n  t h e  s t reamf low r e c o r d ;  q  i s  i 
a l s o  an i n t e g e r  depending on t h e  c o n t e n t  of s i g n i f i c a n t  c r o s s c o r r e l a t i o n  
between t h e  s t reamflow and t h e  p r e c i p i t a t i o n  a t  t h e  i - t h  s t a t i o n ;  and E i s  j 
an independent  random r e s i d u a l .  
To de te rmine  t h e  v a l u e s  of m and q t h e  t h e o r y  of m u l t i p l e  c ross -  i ' 
s p e c t r a  may b e  a p p l i e d ,  p r o v i d i n g  a  v e r y  f a s t  approach f o r  e s t i m a t i n g  t h e  
e x i s t e n c e  of any s i g n i f i c a n t  a u t o c o r r e l a t i o n s  and c r o s s c o r r e l a t i o n s  i n  t h e  
d a t a .  Then, t h e  c o e f f i c i e n t s  of a l l  t h e  s i g n i f i c a n t  t e r m s  i n  Eq. ( 4 )  can 
b e  e s t i m a t e d  by t h e  l e a s t - s q u a r e  p r i n c i p l e .  A b r i e f  d e s c r i p t i o n  of t h e  
m u l t i p l e  c r o s s - s p e c t r a  t h e o r y  as i t  is a p p l i e d  i n  t h i s  s t u d y  w i l l  b e  pre-  
s e n t e d  l a t e r .  
111. ANALYSIS OF THE DATA 
A. The Watershed and Hydrologic Data under Study 
To demonstrate t h e  f e a s i b i l i t y  of t he  proposed mult iple- input  
s t o c h a s t i c  hydro logic  sys  t e m  model, t he  watershed chosen a s  t h e  hydrologic  
system t o  be  analysed i n  t h i s  s tudy  is  t h e  upper Sangamon River bas in  of 
550 sq.  m i .  i n  s i z e ,  above Monticel lo ,  I l l i n o i s ,  and loca ted  i n  e a s t  c e n t r a l  
I l l i n o i s .  Figure 1 shows t h e  map of t h e  Sangamon River bas in  wi th  t h e  
l o c a t i o n s  of t h e  s t ream gaging s t a t i o n  a t  Monticel lo  and t h e  p r e c i p i t a t i o n  
gages where hydro logic  d a t a  were observed f o r  use i n  t he  ana lys i s .  The 
l eng ths  of t he  a v a i l a b l e  d a t a  a r e  shown i n  Table 1. 
B. Prel iminary Screening of t h e  Data 
The pre l iminary  sc reening  of t h e  d a t a  involves  t h e  i n v e s t i g a t i o n  
of each hydro logic  record  f o r  i t s  p o s s i b l e  t rend  and p e r i o d i c  components, 
and t h e  removal of such components, i f  they e x i s t .  The t r end  components 
i n  a l l  records appear t o  be nonexis ten t  from a c a r e f u l  observa t ion  of t h e  
da t a .  
The next  s t e p  involves  t h e  search  f o r  t h e  p e r i o d i c  components. 
This  c o n s i s t s  of a computation of t he  power spectrum, o r  t h e  spectrum, of 
each hydro logic  record.  D e t a i l s  of t h e  theory of spectrum and i t s  appl ica-  
t i o n  f o r  the  a n a l y s i s  of t i m e  series is  presen ted  elsewhere [Chow and 
K a r e l i o t i s ,  19701. It must be  reminded, however, t h a t  t h e  computation of 
t he  spectrum involves  t h e  computation of t h e  autocovariances C f o r  t h e  K 
t i m e  s e r i e s  (U t E T I  by t he  formula: 
t '  
where k is  the  l ag .  I n  t he  p re sen t  case ,  some of the  records  have i n t e r v a l s  
TABLE 1. A v a i l a b l e  Hydrologic  Data f o r  Ana lys i s  
S t a t i o n s  Length o f  Record 
For P r e c i p i t a t i o n :  
Blooming t on Jan .  1892 - Dec. 1969 
C l i n t o n  
Rantoul  
Rober ts  
Urb a n a  
For Streamflow: 
M o n t i c e l l o  
Jan.  1910 - Dec. 1969 
Nov. 1891 - Mar. 1913 
Mar. 1940 - Dec. 1969 
Jan .  1911  - Dec. 1969 
S e p t .  1902 - Dec. 1969 
Mar. 1908 - Sept .  1912 
Nov. 1912 - Dec. 1912 
J u l y  1914 - S e p t  1969 
of  m i s s i n g  d a t a .  When Eq. (5) i s  used,  t h e  p a i r s  of v a l u e s  of Ut  
and Ut+k 
f o r  which e i t h e r  one o r  b o t h  v a l u e s  a r e  m i s s i n g  should n o t  b e  t aken  i n t o  
account  i n  t h e  summations. A g e n e r a l  computer s u b r o u t i n e  h a s  been programmed 
( s e e  Appendix) which can compute t h e  spectrum of any r e c o r d  w i t h  o r  w i t h o u t  
i n t e r v a l s  o f  t h e  miss ing  d a t a .  
A 
The s p e c t r a  f  (o) f o r  t h e  s i x  h y d r o l o g i c  r e c o r d s  of p r e c i p i t a t i o n  
a r e  shown i n  F igs .  2  through 6.  These s p e c t r a  were  computed f o r  a  maximum 
l a g  k  = 60. Observing t h e s e  s p e c t r a  i t  can b e  s e e n  t h a t  t h e r e  a r e  h i g h  
peaks a t  t h e  12-month p e r i o d i c i t y  and s m a l l e r  peaks b u t  s t i l l  h i g h e r  t h a n  
o t h e r  peaks a t  t h e  6-month p e r i o d i c i t y .  S i m i l a r l y  f o r  t h e  spectrum o f  
s t reamf low a s  computed and shown i n  F ig .  7 ,  t h e r e  is  on ly  one peak a t  t h e  
12-month p e r i o d i c i t y .  Based on t h e s e  o b s e r v a t i o n s ,  i t  is concluded t h a t  
f o r  p r e c i p i t a t i o n  t h e  p e r i o d i c  components c o n s i s t  of 12-month and 6-month 
p e r i o d i c i t i e s ,  w h i l e  f o r  s t reamflow t h e  p e r i o d i c  component i s  a  12-month 
p e r i o d i c i t y .  Thus, f o r  t h e  g e n e r a l  c a s e  o f  t h e  h y d r o l o g i c  t i m e  series 
Cut; t E T I  Eq. (1)  can b e  w r i t t e n  i n  t h e  form: 
3 12 4  2"t + C s i n  + U; (6 )  1 2  2T t  + c s i n  =+ c cos 7u = C  + C  c o s -  t 1 2  5  6  
where C i s  a  c o e f f i c i e n t  e q u a l  t o  t h e  mean of U ' C2, Cg,  C 4 ,  and C a r e  1 t '  5  
t h e  c o e f f i c i e n t s  of t h e  p e r i o d i c  components of 12-month and 6-month p e r i o d i -  
c i t i e s  ; and U' is t h e  r e s i d u a l  h y d r o l o g i c  s t o c h a s t i c  component w i t h  ze ro  
t 
mean due t o  t h e  i n t r o d u c t i o n  of t h e  c o e f f i c i e n t  C 1' 
For each  h y d r o l o g i c  r e c o r d  t h e  above c o e f f i c i e n t s  a r e  computed 
u s i n g  t h e  l e a s t - s q u a r e  method. The v a l u e s  of t h e  c o e f f i c i e n t  a r e  g iven  i n  
Table  2 ,  which a l s o  shows t h e  computed v a r i a n c e s  of t h e  o r i g i n a l  h y d r o l o g i c  
r e c o r d s  and t h e  s t o c h a s t i c  r e s i d u a l  r e c o r d s .  A g e n e r a l  computer s u b r o u t i n e  
was w r i t t e n  ( s e e  Appendix) f o r  t h e  computations which can a l s o  hand le  
h y d r o l o g i c  r e c o r d s  w i t h  i n t e r v a l s  of miss ing  d a t a .  
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C. Analysis  Using Cross-Spectra Theory 
A powerful  t o o l  i n  t h e  a n a l y s i s  of t h e  m u l t i p l e  t ime series of 
t h e  r e s i d u a l  hyd ro log i c  s t o c h a s t i c  p roce s se s  is  t h e  c ro s s - spec t r a  theory  
[Goodman, 1965; Bendat and P i e r s o l ,  1966; K a r e l i o t i s  and Chow, 19721. 
Suppose t h a t  t h e  m u l t i p l e  t i m e  s e r i e s  c o n s i s t s  of two t i m e  s e r i e s  {xt ;  t E T) 
and {y t ;  t E T) and t h e i r  cross-spectrum is 
where i = a, w is t h e  angula r  f requency,  pxy (w) is  t h e  co-spectrum and 
q (w) i s  t h e  quad ra tu r e  spectrum. Es t imates  of  co-spectrum and quad ra tu r e  
XY 
spectrum a r e  expressed  by 
and 
1 m 1 - C1 1 sinkw 
L[q ('a) 1 = 1 [Cixy)k (yx)k X Y J  k=O j 
where w = . rr j /mwith j = 0 , 1 , 2  ,..., m; and j 
C1 = C (XY)O (xy)O 
C1  = C (xy>m (XY)m 
C' (XY)k = 2C (XY)k f o r  k = 1,2,.. . ,m-1 
where C (XY)k i s .  t h e  cross-covar iance between {x ) and {y ) 'of l a g  k ,  and m t t 
i s  taken  as l e s s  t han  T/10. The estimate of C (xy ) k  i s  
The "raw" co-spectrum and quadra ture  spectrum es t ima te s  a r e  "smoothed" by 
the  i n t roduc t ion  t o  Eqs. (8) and (9) of t h e  "Tukey-Hamming" weights  given 
by Blackman and Tukey [1959]: 
Thus, t h e  f i n a l  smoothed co-spectrum and quadra ture  spectrum es t ima te s  a r e  
U,(w.) = 0.23 L,(w ) + 0.54 L,(w.) + 0.23 L , ( W ~ + ~ )  
J j -1 J 
f o r  j = 1,2,. . . ,m-1 
U,(wo) = 0.54 L,(wo) + 0.46 L,(wl) 
U*(wm) = 0.54 L*(wm) + 0 -  46 L* (13) 
where U,(w) and L,(w) a r e  e i t h e r  t h e  smoothed and raw co-spectrum es t ima te s  
r e s p e c t i v e l y ,  o r  the smoothed and raw quadra ture  spectrum es t ima te s  respec- 
t i v e l y .  For t h e  ca se  of a mu l t i p l e  time s e r i e s  (X It' X 2 t '  . . . , xnt; t E T I ,  
Eq. (7)  w i th  t h e  above formulas can be  used t o  compute t h e  c ross -spec t ra  
matrix: 

























































